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Local Fields

Let K be a field which is complete with respect to a discrete
valuation vK : K× → Z, whose residue field K is a perfect field of
characteristic p. Also let

OK = {α ∈ K : vK (α) ≥ 0}
= ring of integers of K

πK = uniformizer for OK (i. e., vK (πK ) = 1)

MK = πKOK

= unique maximal ideal of OK

Let L/K be a finite totally ramified Galois extension of degree q, and
set G = Gal(L/K ).



Galois Modules

L is a module over the ring K [G ].

In fact, by the normal basis theorem, L is free of rank 1 over K [G ].

OL is a module over OK [G ].

If L/K is tamely ramified then OL is free of rank 1 over OK [G ].

However, if L/K has some wild ramification then OL is not free over
OK [G ].



Associated Orders
Definition
Let Mi

L be a (fractional) ideal of OL. The associated order of Mi
L is

A(Mi
L) = {γ ∈ K [G ] : γ(Mi

L) ⊂Mi
L}.

We have OK [G ] ⊂ A(Mi
L), with OK [G ] = A(OL) if and only if L/K

is tamely ramified. In particular, if L/K has wild ramification then

π−1
K T ∈ A(OL) rOK [G ],

where T =
∑
σ∈G

σ is the trace element of K [G ].

Mi
L is a module over A(Mi

L).

Leopoldt Problem: When is Mi
L a free module over A(Mi

L)?



K -linear Endomorphisms of L
Let EndK (L) denote the K -vector space of K -linear endomorphisms
of L.

Elements of L[G ] induce K -linear endomorphisms of L. By the linear
independence of automorphisms of L we get an isomorphism of
K -vector spaces

L[G ] ∼= EndK (L).

This becomes an isomorphism of K -algebras if we define
multiplication on L[G ] so that

aσ · bτ = aσ(b) · στ

for a, b ∈ L, σ, τ ∈ G .

The isomorphism above identifies K [G ] with a K -subalgebra of
EndK (L).



The Maps φ and ψσ
There is a K -linear map φ : L⊗K L→ L[G ] defined by

φ(a ⊗ b) = aTb =
∑
σ∈G

aσ(b)σ.

For c ∈ L we get

φ(a ⊗ b)(c) =
∑
σ∈G

aσ(bc) = aTrL/K (bc).

Proposition
φ is an isomorphism of K -vector spaces.

For σ ∈ G define ψσ : L⊗K L→ L by ψσ(a ⊗ b) = aσ(b). Then ψσ
is a K -algebra homomorphism, and for β ∈ L⊗K L we have

φ(β) =
∑
σ∈G

ψσ(β)σ.



Some Lattices in EndK (L)
Let I1 =Ma1

L and I2 =Ma2
L be fractional ideals of OL. Define

C(I1, I2) = HomK (I1, I2)
A(I1, I2) = C(I1, I2) ∩ K [G ].

Then A(I1, I1) = A(I1).

Every element of C(I1, I2) extends uniquely to a K -endomorphism of
L. Hence we may view C(I1, I2) as an OK -submodule of EndK (L).

Let D denote the different of the extension L/K .

Proposition
φ(I2 ⊗D−1I−1

1 ) = C(I1, I2)

Note that D−1I−1
1 = I∗1 is the dual of I1 with respect to the trace

pairing for L/K .



The Smallest Shift Valuation

Definition
For γ ∈ EndK (L) ∼= L[G ] set

v̂L(γ) = min{vL(γ(x))− vL(x) : x ∈ L×}.

(This is parallel to the definition of the norm of a linear operator.)

For n ∈ Z we get OK -submodules of EndK (L) by setting

Cn = {γ ∈ EndK (L) : v̂L(γ) ≥ n}
=

⋂
k∈Z

C(Mk
L,Mk+n

L )

An = Cn ∩ K [G ].



Describing An in Terms of φ

For n ∈ Z let Xn be the OK -submodule of L⊗K L generated by all
elements of the form a ⊗ b, with vL(a) + vL(b) ≥ n.

Write D =Md
L and set i0 = d − q + 1.

Theorem
Let n ∈ Z. Then Cn = φ(Xn−i0).



A Partial Order

Let H be the subgroup of Z× Z generated by the element (q,−q).

For (a, b) ∈ Z× Z write [a, b] for the coset (a, b) + H .

We define a partial order on the quotient group (Z× Z)/H by
[a, b] ≤ [c , d ] if and only if there is t ∈ Z such that a ≤ c + tq and
b ≤ d − tq.

We sometimes represent (Z× Z)/H by the set

F = {(a, b) ∈ Z× Z : 0 ≤ b < q}

of coset representatives.



An Example
Let q = 9. Here is the set

{(c , d) ∈ F : [−3, 2] ≤ [c , d ]}.



Expansions in L⊗K L

Fix a uniformizer πL for L, and let T be the set of Teichmüller
representatives of K .

Let β ∈ L⊗K L. Then there are unique bj ∈ L and aij ∈ T such that

β =
q−1∑
j=0

bj ⊗ πj
L

=
∑

(i ,j)∈F
aijπ

i
L ⊗ π

j
L.

Let
R(β) = {[i , j ] : (i , j) ∈ F , aij 6= 0}.



Diagrams
Definition
Define the diagram of β ∈ L⊗K L to be

D(β) = {[x , y ] ∈ (Z× Z)/H : [i , j ] ≤ [x , y ] for some [i , j ] ∈ R(β)}.

Proposition
D(β) does not depend on the choice of uniformizer πL for L.

Let G(β) denote the set of minimal elements of D(β). Then G(β) is
also the set of minimal elements of R(β). Furthermore, we have

D(β) = {[x , y ] ∈ (Z× Z)/H : [i , j ] ≤ [x , y ] for some [i , j ] ∈ G(β)}.

Theorem
Let β ∈ L⊗K L be such that γ := φ(β) ∈ K [G ]. Let [a, b] ∈ G(β).
Then for all y ∈ L with vL(y) = −b − i0 we have vL(γ(y)) = a.



An Example

Let q = 9 and set

β = π5
L ⊗ πL + π3

L ⊗ π3
L − π3

L ⊗ π5
L − 1⊗ π7

L + π−3
L ⊗ π6

L.

We get

R(β) = {[5, 1], [3, 3], [3, 5], [0, 7], [−3, 6]}
G(β) = {[5, 1], [3, 3], [−3, 6]}.

The subset of F corresponding to D(β) is . . .



Example Diagram

q = 9, β = π5
L ⊗ πL + π3

L ⊗ π3
L − π3

L ⊗ π5
L − 1⊗ π7

L + π−3
L ⊗ π6

L



Diagonals

For β ∈ L⊗K L with β 6= 0 define

d(β) = min{i + j : [i , j ] ∈ D(β)}.

Define the (lower) diagonal of β to be

N(β) = {[i , j ] ∈ D(β) : i + j = d(β)}.

Then N(β) ⊂ G(β).

In the preceding example we have d(β) = 3 and N(β) = {[−3, 6]}.



Semistable Extensions

Definition
Say that the extension L/K is semistable if there is β ∈ L⊗K L such
that φ(β) ∈ K [G ], p - d(β), and |N(β)| = 2.

As a lame example, let K = Q2, L = Q2(
√

3) and
G = Gal(L/K ) = 〈σ〉. Set πL =

√
3− 1, so that π2

L + 2πL − 2 = 0
and σ(πL) = −πL − 2. Then β = πL ⊗ 1 + (1 + πL)⊗ πL satisfies

φ(β) = 2πL + π2
L + (πL + (1 + πL)(−2− πL))σ

= 2− 4σ ∈ Q2[G ]

N(β) = G(β) = {[1, 0], [0, 1]}.

Since d(β) = 1 is not divisible by 2 we deduce that L/K is a
semistable extension.



Diagram for a Semistable Extension

q = 9, β = a50π
5
L ⊗ 1 + a43π

4
L ⊗ π3

L + a24π
2
L ⊗ π4

L + a−1,6π
−1
L ⊗ π6

L

G(β) = R(β) = {[5, 0], [4, 3], [2, 4], [−1, 6]}, N(β) = {[5, 0], [−1, 6]}



Smallest Shift Elements

Definition
Say that y ∈ L is a smallest shift element for L/K if for every
γ ∈ K [G ] with γ 6= 0 we have v̂L(γ) = vL(γ(y))− vL(y).

Theorem
Assume that q = [L : K ] is a power of p, and that D 6⊂ qOL. Then
the following statements are equivalent:

1 The extension L/K is semistable.
2 There exists a smallest shift element y for L/K .
3 Every y ∈ L such that vL(y) ≡ −i0 (mod q) is a smallest shift

element for L/K .



Properties of Semistable Extensions

Theorem
Let L/K be a semistable extension. Then

1 p - i0.
2 If b is a lower ramification break of L/K then b ≡ −i0 (mod q).



Galois Modules and Semistable Extensions

Theorem
Let L/K be a semistable extension. Then for all n ∈ Z there is an
isomorphism of OK [G ]-modules An ∼=Mn−i0

L .

Theorem
Let L/K be a semistable extension. Then A(M−i0

L ) = A0.

Corollary
Let L/K be a semistable extension. Then M−i0

L is a free
A(M−i0

L )-module of rank 1.


